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ABSTRACT

The stresses and deflections in a circular, cylindrical
shell loaded at each end by a force and moment applied through
rigid rings are presented.

The shell may be stiffened by additional rings, and it is
assumed that rapid changes in stress and deflection occur only in
the axial direction in the immediate vicinity of a ring.

. ANALYSIS OF A CIRCULAR, CYLINDRICAL SHELL
LOADED AS A SIMPLE CANTILEVER

Consider the problem of a circular cylindrical shell loaded at each end by a force (F) and a moment
(M) applied through rigid rings (see Sketch A). The shell may be stiffened by additional rings, but there will be
no consideration made of longitudinal stiffeners. The resulting stresses and deflections will be computed,
assuming that rapid changes in deflection and stress occur only in the immediate vicinity of a ring and then

only in the axial direction.
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Sketch A

A. General Equations

The general equations of equilibrium, Hooke’s Law, and Moment-Curvature relations for a circular,

cylindrical shell are, as in Timoshenko, 1 as follows:

dx i

-——+aQ,=0
dx ¢ ¢

lTinochenko. S., Theory of Plates and Shells, § 88, McGraw-Hill Book Co., New York, 1940.

2
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oM, oM
—a

¢ dx

€x = —
dx Eh
dv w (N¢ - VNx)
e¢ = — — D
add a Eh
du dv  2(1 + v)
Yegp = r—=— Ny

add o«x Eh

M,=-DX, +vX,) My=-DX,+vX)

”x¢=D(l—-V) Xx¢

These equations can be simplified as a result of assuming the solution to be separable into two
regions of different character. The region away from the immediate vicinity of the rings will be termed the
‘““membrane’’ region, as it is expected that bending effects will be unimportant here. The region immediately

about the rings will be termed the ‘“‘edge’’ region and bending effects should be dominant.
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B. The ‘‘Membrane’’ Region

This region is characterized by a relatively slow variation of the dependent variables with respect to

both axial and circumferential directions, i.e., for all dependent variables (¢),

3 3
%91 _y (-"-) 29 . o)
dx L 0

If (wg) is defined as the maximum normal deflection anywhere in the shell, the appropriate nondimensional

variables seem to be

~ x ~ u ~ v ~ w
X = — U= — v = — W= —
L wg w, w,
~ a N¢ ~ a Nx ~ a Nx¢ ~ a Qz
N¢ = Nx = xP - Ox =
Ehw, Ehw, Ehw, Ehw,
~ 8@, ~ M, ~ M, ~ ¥eo
= ‘l¢ = —— Mx = Mx¢ =
Ehw, Ehwo Ehwo Ehw,
With these variables, the general equations become
a\ 9N, 3Nx¢
CER
L dx a¢
3N¢ a 0N,¢ ~
+ _)' ~ Qs -0
¢ L dx
4
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30. 90,
(-a—>. * + ¢ +N¢ =0
L] 8% a9

oM aM ~
x¢_ (a_). :-{-Qx:O
¢ L dx
~ ~ a‘\" ~ ~ ~
PEEROR S
L] a% o
h2
83' a av~ ~ ~ a2 (1 —V)a
— + (—)-—~=2(1+v) N.o My =
9¢ \L/ dx 121 - v? L

v ) (o= (2

a7 2 I

121 - v2)

EV__@ .[("_"Hiz_")w(:

Thus, it is apparent that, as w = 0(1), we have




JPL Technical Report No. 32-64

~ ~ A

~ h\ 2
M,y 0y Qgu Ny =0 (-)

M, My,

~

w, 0, Ny, N, = 0(1)

providing (a/L) = 0(1).

For (k/a) << 1, we can formulate this ‘““membrane’’ region solution in terms of a parameter ( 3)

where

k %

B

) J/31 - v?

If we assume the following dependency of the solution on the parameter (3) as S8 + 0,

(LT =FP @ P+ BV G B+

v (B %, )

oM @, @) + BoM &, ) + -

3

[

Ny (B %, @)

W, (B3, )

;i¢ (,Bv ‘;9 ¢) =

ﬁz¢ (ﬁv ;9 ¢) =

s @, #) + Bul™ &, B) + -

=" &, #) + Bal™) @, @) + -

n & B+ Bl & B) 4
B m{m) &, ¢) + Bomi) (&, @) + o

B m @, @) + B m{) G B) 4

B‘ m(m)

x¢'o (;'1 ¢) + ﬁs mi’;)'l (;’ ¢) + o
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Qx (;Bi ;‘s ¢) = ﬁ4 qi’:‘% (';9 ¢) + 185 qi’:l)l (;, ¢) + oo
5¢ (ﬁ! ;" ¢) = ﬁ4 qgn')o (;’9 ¢) + IBS qg";)l (;’ d)) + e

Ny (B3, 8) = B Y @, #) + 65 ) 3, ) + oo

the general equations for the ‘‘membrane’’ region solution become

(m) (m) (m)
() Meo  Tebo o 0 gy
L dx o 9
onlm) oulm) 9 vim)
.0 _ o (A -1+ v)n
ox P X L ox
{m)
(i) duy - n("‘z)
L] ev *

~ t493,0
L 3x a¢ ¢
gm(m) (m)
Med,0 (i ) !:.'0 . q,(,’f" -0
ad L dx
2
(m) (1-1v)a avg") d wim
m’¢v0 = ~ + ~
4L ox ox d¢
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+

a2W’(Jm) avam) 32W8m)
. + v
ad a¢2

ksA

3
°V

]

|
- |-
TN
~ | e
~—
(X}

FER

R A
m¢ . + + vV —_

a¢ a¢2 L ax2

and a similar set for the second-order terms.
C. The ‘*Edge’’ Region

This region is characterized by a relatively rapid variation of the dependent variables over a distance
of order (8) from a ring in the axial direction, but a relatively slow variation in the circumferential direction,

i.e., for all dependent variables (g),

where (x)) is the axial coordinate of the ring in the vicinity of which we want the solution.

If we assume the solution in the ‘“‘edge’’ region to be given by the solution in the ‘‘membrane’’ region

extended in to the ‘‘edge’’ region plus a correction, that is, take

PR O B A -1 R - I
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=@ G+ M E )+ B (R P 4
5w G s WM @ )+ BV R, ) 4

N, = N G*) + o) (3, 8) + Bal) @, ) 4
6= N9 G 4l G )+ Bal) | ) 4
7VV¢ = ﬁf;’ (") + B4 al) R, @) + -
0= 08 " )+ B4 g B, ) + -

0, - 0 (", 8) + B4 g™ &, ¢) 4 oo
My = M) 5 ®) + B4 ) @, 8) + oo

;i¢ = 575;) =", $) + B mg"')o &, }) + o

M, = MO G, @) + B Py B, B) 4 o

the general equations become

+—+08H =0

(a NG aN)
b ax" I

+
ax* ¢

20 a0le)
(ﬁ) L ? +N§f)+0(,36)=0
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- +6g)+0(,36) =0
$

~ ~
ay M) oMy
( ) EP a¢d

one) .\ e

x

+ 55”) +0(8% =0
d¢ 5 ax"

o a,?‘(ﬁ) ~ ~
(-) . = ¥ - v N 1 08y
$ *
ox

av (©)
P

~w @ - Ny N 4 o8y

@) S ~
* (‘3> A R I )

d¢ 8 az*

~ e (e)
M:(:2=———-(1—V)-(g)-i 3'(")+aw + 0( 86
120 - v?) 8/ 55" s

~ 2 27 (e) ~(e) 420 (e)
M,(f)=____——. (ﬁ) .aw +v<av +aw > + 0( 8%
32*2 ¢ 3¢2

(h)2
~ . n(e) A2 (e) 2 2% (e)
u$’=-;. |:(av’+aw'>+u(g) LI i|+0(,36)

1201 - v} CL PP 5 9z 2
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If we assume w (¢} = 0(1), it follows from these equations that

~ ~ S ~ 82
NG = o) NG =0 (—) N =0 (-)

where, 5 = 0 ( / ah) is the characteristic length of the shell.

In terms of a new coordinate (5'.), where

x—x'. x—xi
(Y
Ba )

let us assume the following dependency of the solution on the parameter ( 5) as B + 0:

W (BB, E) = WS (£,,8) + BV (8, £) + -
TR B, E) = B2 (b, £ + B2 (B, €D + -
v (8¢, £) = Bul) (@, €) + L) (B, £) + -

NO (B, 8, €) = B2 ) (8, €) + B nl®), (4, &) + -
n
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NG) (B, 6, €) = 2y (6, €D + Bal) (¢, £) + -~

W) (8.6, 6) = Bnie) o @, €) + B nlE) ) 6.6) + -
W (5,8, €) = B mlE) (6, €) + B mE) (6, €) + -
HE (B, 8,8) = B2mlEy B, £) + B2 )| B,8) + -
353 (B, €)= B mlS) o (@, &) + B4 mE) | (#,6) + -

0 (B8, €) = Balhy 6. €) + 08D 0 (B8, £) = B2 )y 4. £) + ABY

On substituting this assumed form of solution into the general equations, we obtain the following

equations for the ‘‘edge’’ region:

x$,0
9,  od

a,,ie)o anle)
i =0

anglo 9nd0
+ =0

36 a¢
(e) 2
aqx.o . n(e) -0 ) 1 ad Wae)

¢ [V m = —_——
Y ’ x, 0 ”
i Y
(
a’":g.o amg.)o N q(e) 0
- $,0 =
6, a0
3mi’)o
-4 m$lo = v mty
9¢;

12




JPL Technical Report No. 32-64

auge) auge) avge)
= - ‘Vng)o + =21 +v) ni{} 0
I, ' 3¢ a¢; '
32w(e)
1-v 0
" - o

4  9¢d¢;

Thus, in principle, the solution in the *“‘edge’’ region is given by

5= ud (x, 9) + () v = o (5 ) + 0(B)
W= W (xp d) + WS (£) + 0(B)
N, = ™ (x, #) + 0(5) Neg = nyg o p $) + 0(A)

Ny =28, (£, @) + 0(B) 0p = B1a ) (b, €) + o BY

0, = Bal (@, ) + oY M, = 3% m) (8, €) + o(BY

;i¢ = ﬁz mg,)o (¢’ gl') + 0( 133) ﬁx = 162 mif)o (¢1 5‘) + 0( 183)

D. General Solution

In order to insure the proper symmetry with respect to (¢), let us assume

"::"2.0 = Z A, sin n®, A, = constant.

n=0

The remaining functions of the ““membrane’’ region become

13
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L ~
":(:’?2):_(_) 2 (B, + nA, x) cos nd

L2 nd % N
ug") = - (—) z I . Bx + C,| cosno
a n=0,0 2

>3 ~2
L ~ L 2 nA x B x ~
vg") = (—) Z 20+ v) A x - n (—) < L A C,x +D, sin n¢

a nso...-

N L\ 2[ndx B x -
Wg") = (-I;) Z nd, (2 + V) x - vB, - n2 (——) < A A C,x + Du> cos n¢

a nso'n. a

Similarly, if we assume the radial deflection in the *“edge’’ region to be proportional to (cos n ¢), it follows

that Wf)e)(qﬁ, &) is the solution of

34wl

+ 4 W%‘) =0
a¢&s

or,

Wae)(dh éi) = z [efi (Ep; cos &; + F,; sin §‘.) + e-f" (G,; cos f‘ + H,; sin 5‘)] + cos ng

ﬂ.o,"‘

4
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The remaining functions of the ‘‘edge’’ region become

(e) (e) (m)
wy  [aw v av
V = —. + B ! + _1 . (l + ooe
ga | a¢, 96, L a3

= —. Z {ef" [EM. (cos &; —sin £&) + F,; (cos &; + sin §i)]
Ba n=Q, e

+ e-fi [ —G,; (cos &; + sin &) + H; (cos &; — sin f,-)]} cos np + oo

sin §; + F ; cos cfi) +e-§i (G,; sin &, — H; cos f‘.)] cos n¢

ni

1 .
pet T s
2 n=o,-oc

E. Problem |

Let us apply the above solution to the problem illustrated in sketch A (page 2), but omit the inter-

mediate rings. The constants of integration must be chosen such that, for the particular value of (x;) the *‘edge”

region solution dies out as distance from the edge increases, and the following boundary conditions are

satisfied.
u=0 ¥ =aacos ¢
v=20 v=2©, sin ¢
x h -L
=06,=—>=0 x=L,§‘=x =0
w=0 Ba w=8hcos¢ Ba
V=0 V= acos ¢

Thus, to first order,

z C,cosnd =0

n -o. see

15
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z Dnsinn¢=0

n ’0, e

2
(i) Z [— vB, - n2 (i) Dn] cos nd + Z G0 co8 nd =0
a naQ,se. a

n 80’ “er

Z (Hno - Cno) cos np =0

L 2 ’lAn aa
- (—> Z + Bn +C,| cos ngd =| — | cos ¢
n -

L 2 nAd B )
(i) Z 2(1+V)An-n(——) n+—’—‘—+Cn+Dn sin n¢ = —h sin ¢

a

L L 2 n4 B
(——) Z nAn(2+v)—an—n2 <——) “ +—n—+Cn+D’l cos n¢
. a 6 2

3
h

+ Z E A cosngd = /—-— cos ¢
n=Q, \wo

z (Enl + Fnl) cosnd = 8 <ﬂ) cos ¢

n-O,-" wo

where, Eno, FnO’ Gn r ”nl are taken equal to zero.

These equations represent eight equations in the eight unknown constants of integration for each
value of (n). As the sets are homogeneous for all (r, n £ 1) only the constants 4 r Bl’ Cl’ Dl,' E“, F“,

CIO’ Hlo may be non-zero. Therefore, as (Sh/wo), (aa/wo) = 0(1), the above set of equations leads to

16
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vl
€ =Dy~ Hig=Co=\—) By

1
Al = -
2 L 2
)
1+ v)+
24
L 2
Sha aa a\ 2 (—a—)
+ | — — 1+v)-
. AL w, w, (L) 12

Fip=—Eqy +0(8)

In order to relate the deflections (8,, a) to the applied force (F) and moment (H), let us consider the

equilibrium of the left-hand side of the shell, as shown in sketch B.

7
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Jo RO

@nﬁﬂ% ~‘¢ K
e £ -

N

Sketch B

If the segment of the shell under consideration is of length (1), where I > > 3, the stresses will be those

given by the ‘‘membrane’’ region solution, and the requirement of equilibrium leads to

bi4
F =f N“,(x
0
2r
M+ FL =f [N, (x
0

!Yaded sin ¢

l)acos d + qub(x =1)1lsin ¢] ado

As
Eh w
0 L
Nx=- (—)(B + A,x) cos ¢
a a
Eh wo
N’¢ = . . 8in ¢
a
we find
M
F + —
F
4, = By = -
mEh w, nEh w

18




JPL Technical Report No. 32-64

Therefore, it follows that

() (o)

nEah

nEah 6

and
vM
Ep=-
nEah wo
In the summary, the solution in the “membrane’’ region is
F sin ¢ L
~¢ = 0 N’¢ = - Nx =
7a
() G
L
u = ¢ . [F ( *

- 2
5, L brlaew. N2 +(i) (£>
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) )
a L 2 x x M /Ly 2 x
v = << F |21 + v) + — —) 1 - — +—.<—) . (—
nEh 2a2 (L ( 3L> L a 2L
2 2
w=Lcos¢>. F v+(2+v)(—x-)+ L— (--"—>l—i
mEah L 242 L 3L

while, near the built-in ring, (fo = x/fBa > 0)

u,v =0
v L g M -
w = kil (p + __) c {1 - e ¥0 . (cos £ + sin )]
nEah L
Nx:Lcos¢.(F+ﬁ) =Fsin¢
x¢
7702 L Tia
vL M -
N¢=—-(F+—)-efo-(cosfo+sin§o)-cos¢
ma? L

20
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M, - - "LN) .
27mma

L

and near the free end,

_.+_.
mwEh 2 L

(:) cosd’.(p M)

<F + ﬂ) . e-éo + (cos §0 — sin fo) . cos ¢

L si M
v = aqu. 2F 1(1 +v) + + =
nEah 6 L 2
L\ 2 L\?
,, G .G .
w = cos ¢ . 2F (l + V) + a + i e + v_ . [1 —_ efl (cos §l — sin él)]
nEah 6 L 2 L
M cos ¢ F sin ¢
N’ EY N’¢ =
o Ta

21
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ma 2

27a

F. Problem Il

mediate point (% = m;m, (m — 1)

at the interface

N¢ = (V—u—) . eél + (cos 51 — sin fl) cos ¢

2
M, - - <VH,B ) . efl + (cos £, + sin £)) cos &

As a modification to the previous problem, let us consider the effect of adding a ring at the inter-

>> 8/L]. By idealizing the ring as a rigid diaphragm, i.e., the ring

offers no resistance to warping of the plane of the ring, but infinite resistance to distortion out-of-round, the

shell must be separated into two regions, as shown in sketch C, with the following conditions on the solution

z, v, w, V, M¢, Nz ~ continuous

v =23, sing, w =5, cos ¢ (circularity conditions)

where (3, ) is the vertical deflection of the intermediate ring center-line.

REGION REGION M
| 2

AN SANN AN AN

t—mL—qL JF

Sketch C

22




JPL Technical Report No. 32-64

As in Problem I, the additional conditions on the solution are that

u=07 u=aacos¢\
v=0 v =23, sin ¢ _L

> (x=0;§o=-x—=0) > (x=L;§l=x =0)
w=20 Ba w=20, cos ¢ Ba
V=0 V=a 008¢

J J

and the ‘‘edge’’ region solutions must die out as distance from each edge increases.

If we denote with a superscript (1, 2) the constants appropriate to regions (1, 2) respectively, and

introduce the coordinates of the “edge’’ regions as,

the solution can be written

nd{) 33 Bl 22

L ~ L\?
Vg") = (-) Z |:nA,(.l) 2+v)x - ngl) - n? (—) ( +
a n =0, a 6 2

+ CS;I) T+ BS‘I))] cos n ¢ 0<x <m

4

Vge) = z Z [ef‘ (E'('}) cos & + F,('}) sin £) + e-f‘ (G,('}) cos &; + ll,(.}) sin f‘)] cos n¢

i-o,r nlo.-u

0<% <m
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and so on for Region 1; and similar relations with the superscript (1.) replaced by (2.), and the summation on

(i) replaced by (i = r, 1) for the solution in Region 2.

On substitating this assumed form of solution into the boundary conditions, we obtain

Z Cgl) cosn ¢ =0

n .o'nn-

Z an.l) sin np = 0

n '0, .o

2
Z (-L—) [— VB'(‘I) - n? (i) Dil)] cos np + z G%) cos np =0

n lo' s

Y @D -6 cos ng =0

n= 0, ese
(2

2 nA oa
- (E—) z <——n + B’(lz) + C§2)> cos nd = <——> cos ¢
a n=0,.- 2 wo

(2) (2) 5
(—) z 21 + v) Aflz) -n (—) ( : + = + C’(.z) + D§2)> gsin np = —— sin ¢
. a 6 2 w,

2
B2

(2)
L 2 (nd
(_) 2. nd(? (2 +v) — vBD _p? (£> < R Df’) cos no

a n=(,ee a 6 2

)
+ z E'(.zl) cos np = <—h) cos ¢

n .o’cu‘ wo

24
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Z (E,(.zl) + F'(lzl)) cos np = f3 (—a—a—) cos ¢

n -o’-np wo

n 2 n=Q,0 2

nA’(.l) m2 nA,(lz) m2
+ B,(.l) m o+ C;(zl) cos nd = Z _ 4 35.2) m + Ciz) cos nd
-o’.n

n
z 21+ V) m Afll) -n (——) + + mC,(ll) + D,(‘” sin n¢
n=Q,eee a 6 2

L\ 2 nA'('z) m3 B2 p2
= 2 A1 + v) mA,('z) -n (—) + — +m C,(.z) + D,(.z) sin n¢
nlo'... a 6 2

L L 2 BA’(ll) m3 B(l) m2
Z (_) "Afal) 2+V)m- VB,('I) —n? (—) + - + mC’(ll) + D,(.l) cos n¢

nsQ,.e- a a 6 2

2
+ Z ED) cos nop = Z ("_) |:nA’(.2) @+ ) m— vB@ _ p2 (_L_)
a

n =, n=Q,ee a

2 3 2 2
(nA'(.)m B'(‘)m
X

+ + mC,('Z) + Df.z))] cos n¢
6 2

+ Z G’(g) cos n¢

n =0,

z (E’(y + F;l')) cos nd = z (Hg) - G'(;‘:)) cos n¢h

nsQ, e n =0,
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z (F,(,l,) cos nP) = Z (—H’(,zr)) cos n¢d

u'O,"' u-o' see

Z (B:(:l) + nmA’(‘l)) cos np = Z (B'(.2) + ,,,,,A'(lz)) cos nd

ll-o,"‘ ’.-0' .

Z (_) 2 + v) "'Av(nl) -n (") . —_ + mC,('l) + D,(.l) sin n¢

n=0, \ a a 6 2
$
. sin ¢
Yo

L L\2 nAﬁ" m3 B p2
z (—) nAf.l) 2+v)m- vB,('l) - n2 (——) + ? + mCil) + D,(.l’ cos n¢
n =0, a a 6 2
8lur
+ z E,(,}.) cosngdp = — ) cos @
n =, wo
where
1 1 2
EQ-Fl-0 ED-FB -0
1 1 2
GP = HY =0 ¢ =-uP -0

in order that the *“‘edge’’ region solution dies out properly as ( | & i 1) + w.
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The above equations represent n-sets of equations of sixteen equations each. As all sets for
(n, n £ 1) are homogeneous, it is only the solution corresponding to (n = 1), that is non-zero. On making the

substituiion (» = 1), the solution can be obtained by inspection to be given by

C(l) D(l) C(z) D(2)

A(l) 4(2) B(l) 3(2)

() _ g vL\ )
Glo = ”13 = (‘“‘) Bl

a

E(l) 6(2) ”(2) - - p(l)

where
(1 1 2) 1
AP, B, B, EQY
are the solutions of

A(l)

() 2
a 2
1 1
L L\ 2 A(l ) B(l ) Sh
(—) <120 + V) A(ll) - (-——) + = | —
a a 6 2 w,
2 (4D B 5
(5) AP @ vy - wB(D - (i) (L+ LI | _»
a a 6 2 wq

E(D - ( )(,,,Au),,B(n)
a
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On comparing these equations with the corresponding ones of Problem I, it is apparent that the
solution to this problem is given by the solution to Problem I, with the superposition of the local ‘‘edge’’
region solution at (* = m). Thus, in addition to the results given in Sec. I-C and I-D, we have the following

bending corrections to be superposed on the “‘membrane” region solution at & = m):

w = — vL . [F(l-—m)...i] -ef'(cos &, — sin £) cos ¢ (2'_<_m)
mEah L

= - vl . [F(l -m) + E] . e—f' (cos &, + sin £) cos & = > m)
mEah L

N¢ - i . [F(l —-m) + E] . efr (cos gr - gin fr) cos ¢ (; < m)
a2 L
- _V_L__ ] [F(l -m + E:‘ . e-f' (cos &, + sin £) cos & 3 > m)
a2 L
2
M, = - vL A . [F(l - m) + E] . eg' (cos §r + sin ér) cos ¢ & < m)
27a L

2 - ~
vL B . [F(l -m) + l] . e ¢ (cos fr - sin fr) cos d (x > m)

27a L
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Il.  DISCUSSION

The preceeding analysis presents the stresses and deflections of a circular, cylindrical shell loaded
through rigid rings as a simple cantilever. It was shown that the presence of intermediate rings, idealized as
rigid diaphragms, had no effect (neglecting terms of order 3 compared to unity) on the stresses and deflections

of the shell except in the immediate vicinity of the rings. The axial stress can be shown to be given by

B 0y (s
0 (£ =0) = 2 L7 . h cos ¢

where z = h/2, — h/2 represents the inner and outer fibers respectively, while the influence coefficients

are

G2)
a4 = ——————— —_— —
nEah 2 L

( M L\ ?
«<2F |1 + V) + ——| + (—) (—)
7Eh 6 2L a

These coefficients will be recognized as those obtained using Elementary Beam Theory if the shear correc-
tion is made. However, this same theory predicts only the leading term in the expression for (0,). Thus, the

maximum axial stress is approximately 50% higher than that given by Elementary Beam Theory.

Finally, though this analysis was applied only to circular, cylindrical shells, it essentially points
out that, for the general shell of revolution that is not shallow, a satisfactory solution for thin shells can be
obtained by superposing the solution derived above for the *‘edge’’ region on to the “‘membrane’’ region

solution appropriate to the given shell under consideration.
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Appendix A

Deflections of a Rigid Ring

Let us define (s, v, w) as the displacement components of a point on a rigid ring normal to the ring
plane, tangential to the ring center line and normal to the ring center line in the ring plane respectively

(See Fig. A-1). If the ring centroid is given a displacement (8¢) normal to the ring plane, (8,‘) parallel to

the x' -axis and a rotation (a) about the y ' -axis, it is evident from sketch A-1 that the displacements

(s, v, w) become

u=8¢+aasin¢ v=-28, cos ¢ w=8hsin¢

where (a) is considered to be small, i.e., a2 << 1.

N X\ P

v w \\ '
» 2,8 8, zr'¢e——f

. v z‘
osm¢(|-cos¢:‘\\J t r__a.impsina

’

X

asing

Sketch A-1
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Appendix B
Boundary Condition on (V)

Consider a point on the bouadary of a shell of revolution at which we construct a unit vector (e)

tangent to the local meridian (see a of sketch B-1). If this vector is rotated about an x-axis lying in the
horizontal plane at an angle (6) to the meridian plane, the angle of rotation (V) of this tangent vector in the

meridian plane can be shown to be given by

V = a cos (9—Z)=asin9
2

It is evident from b of Fig. B-2 that the projection of the unit vector on the (y, z)-plane is a vector

(m), where

|m| = \/sin2 ¢+ cos? ¢ sin2 6

The rotation of the vector (e) about the x-axis through an angle (a) results in rotating the vector (m) to a
new position (m’) where [m| = |m’ |. If we define an angle (3) such that tan 3 = tan ¢/sin 6, the

; CO8 B+ . sin ), where o, o, are unit vectors in the (z, y)

directions respectively. As o, = e, cos 6 + eo_ sin O, where (e_, o) are unit vectors lying in the (x, y)-

plane but tangential and normal to the meridian plane respectively (see ¢ of Fig. B-2), the change in (¢) can

change in (o) will be Ae = | a(-e

be resolved into components, one lying in the meridian plane (Ao,), and one lying in the horizontal plane

normal to the meridian plane (A ), that is

Ae =Ae_+Ae, Ae = In] a (- e, cos B+ e, sin B sin 6)

Ae, = [m| @ (e, sin B cos 6)

N
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Since the angle (V) is defined as the angle between (e, @ + Ae ), we can write the vector product as

Io x (e + Ac,)|= |o||o + Ac,] 14

With ¢ = e, sin b+ e cos @, it follows that

le + Ao,|= (sin ¢ - Imla. cos B)2 + (cos ¢ + |m| a sin B sin )2 =1 + 0(a)

le x (e + Ao,)|= |oon,|= Im| @ cos B (sin ¢ tan B sin 8 + cos @)

= a sin O

Finally, ¥ = a sin 6 [1 + 0(a)] =~ a sin 9, a << 1.

32
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Sketch B-1
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